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We present results on the accurate one-dimensional (1D) modeling of simple atomic and molecular
systems excited by strong laser fields. We use atomic model potentials that we derive from the
corrections proposed earlier using the reduced ground state density of a three-dimensional (3D)
single-active electron atom. The correction involves a change of the asymptotics of the 1D Coulomb
model potentials while maintaining the correct ground state energy. We present three different
applications of this method: we construct correct 1D models of the hydrogen molecular ion, the
helium atom and the hydrogen molecule using improved parameters of existing soft-core Coulomb
potential forms. We test these 1D models by comparing the corresponding numerical simulation
results with their 3D counterparts in typical strong-field physics scenarios and we find an impressively
increased accuracy in the dynamics of the most important atomic quantities on the time scale of the
excitation. We also present the high-order harmonic spectra of the He atom, computed using our
1D atomic model potentials. They show a very good match with the structure and phase obtained
from the 3D simulations in an experimentally important range of excitation amplitudes.
I. INTRODUCTION
The interpretation of typical experiments in attosec-
ond and strong-field physics, including the pioneering re-
sults in Refs. [1–13], often relies on the quantum descrip-
tion of the involved atomic system driven by a strong
laser pulse [14–22]. Despite recent progress in analytical
and numerical solution techniques [23–29], the exact solu-
tion of the corresponding true 3D Schrödinger equation
is beyond reach in this non-perturbative range (except
for the simplest cases), which justifies the importance of
good approximations.
If the strong driving laser pulse is linearly polar-
ized then the most important features of the resulting
quantum dynamics can usually be captured by a one-
dimensional (1D) approximation [30–43]. These typically
use various 1D model potentials to account for the mo-
tion of the atomic system along the direction of the laser
polarization. However, the particular model potential
can strongly influence some of the 1D results and their
quantitative comparison with the true three-dimensional
(3D) results is usually non-trivial [36, 44–46].
We addressed this problem for a single active electron
atom in Ref. [47]: we introduced the density-based 1D
model potential and, based on its features, we also found
improved parameters for other well-known 1D model po-
tentials. The promising strong-field simulation results
inspired us to extend our modeling approach to simple
atomic systems like the hydrogen molecular ion, the he-
lium atom and the hydrogen molecule, which is the sub-
ject of the present paper. Our key idea is to require the
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Coulomb asymptotes in the 1D model potentials to be
equal to those obtained from the corresponding reduced
3D ground state single-electron density along the direc-
tion of the laser polarization. Then we present the results
of careful numerical simulations of strong-field ionization
scenarios using these 1D model potentials. Comparing
them with the corresponding 3D simulation results, we
make a conclusion about the recommended use of these
1D model systems. We use atomic units in this paper.
II. 3D REFERENCE SYSTEMS
In this section, we specify in more detail the strong-
field modeling of the selected three-dimensional systems:
the helium atom, the hydrogen molecular ion and the
hydrogen molecule driven by a linearly polarized laser
pulse. We also outline the underlying numerical simula-
tions, the results of which we use later as reference when
we compare the corresponding one-dimensional results.
Although a suitable laser pulse may create also vibra-
tions and rotations in a diatomic molecule, we assume
the nuclear motion to be frozen throughout this paper,
and we set the molecular axis parallel to the polarization
of the laser pulse.
For the H+2 , we solve the three-dimensional
Schrödinger equation, both to compute the ground
state, and to obtain the time-evolution when driven by
the laser pulse. For the two-electron systems, He and
H2, we chose the time-dependent Hartree-Fock approach
as the reference model, using a single atomic orbital
in real three-dimensional space. We assume that their
ground states are spin singlets and that the laser pulse
does not interact with the spin degrees of freedom,
thus the orbital part of the two-electron wave function
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2remains symmetric during the time evolution.
The governing equation of the electrons’ motion can
be cast for all of the above cases into the following form,
using cylindrical coordinates ρ =
√
x2 + y2 and z:
i
∂Ψ3D
∂t
= [Tz + Tρ + V + zEz(t) + (N − 1)VH] Ψ3D, (1)
where the kinetic energy operator is split as
Tz = −12
∂2
∂z2
, Tρ = −12
[
∂2
∂ρ2
+ 1
ρ
∂
∂ρ
]
. (2)
The one-electron potential
V (z, ρ) = − 1√
ρ2 + (z − d2 )2
− 1√
ρ2 + (z + d2 )2
(3)
contains the Coulomb interaction with the nuclei. The
parameter d is the internuclear distance for H+2 and H2,
while for d = 0 we get the helium atom (with its nucleus
in the origin). The zEz(t) term of (1) corresponds to
the interaction with the laser field, polarized along the
z-axis, using dipole approximation and length gauge [48–
50]. The Ez(t) denotes the electric field of the laser pulse
evaluated in the origin, and we assume that it is present
only after t > 0, i.e. Ez(t ≤ 0) = 0.
In (1), we distinguish the one- and the two-electron
cases by the parameter N . For N = 2 the electron-
electron interaction is described in (1) by the time-
dependent Hartree-potential which is given by
VH(r, t; Ψ3D) =
ˆ |Ψ3D(r′, t)|2
|r− r′| d
3r′. (4)
The presence of this potential makes equation (1) nonlin-
ear in Ψ3D. In actual computations, we obtain this po-
tential by solving the corresponding discretized Poisson
equation ∇2VH = −4pi|Ψ3D(r, t)|2 in cylindrical coordi-
nates, to avoid the high dimensional integration.
This time-dependent Hamiltonian in (1) has axial sym-
metry around the polarization axis of the electric field of
the laser pulse which makes the use of cylindrical coordi-
nates practical, and provides efficient calculation of the
reduced dynamics along the z-axis.
For actual simulations, we use the efficient numerical
method described in [51], which incorporates the singu-
larity of the Hamiltonian directly, using the required dis-
cretized Neumann and Robin boundary conditions. We
compute the ground states via imaginary time propaga-
tion with high-order split-operator approximations [52],
then we compute the time evolution up to a specified
time Tmax.
To characterize the effects of the external field, we shall
use the ground state population loss in a single-electron
wavefunction or in an electron-orbital, defined as
g(t) = 1− ∣∣〈Ψ3D(t = 0)|Ψ3D(t)〉∣∣2 , (5)
which is to be compared with the corresponding function
in the 1D models we consider below.
In our considerations, the electron density given by
%3D(z, ρ, t) = N
∣∣Ψ3D(z, ρ, t)∣∣2 , (6)
plays an important role as we shall construct our one di-
mensional model potentials by an appropriate reduction
of this quantity.
III. 1D MODEL SYSTEMS
In order to model the above described 3D strong-field
process in 1D, it is customary to use the following form
of the time-dependent 1D Hamiltonian
H(t) = H0 + zEz(t) = Tz + V0(z) + zEz(t). (7)
where the effects of a strong few-cycle laser pulse are to
be modeled by the very same electric field Ez(t) as in 3D.
We want to verify the physical correctness of the
above models by numerically solving the time-dependent
Schrödinger equation
i
∂
∂t
Ψ (z, t) = H(t)Ψ (z, t) (8)
and compare the time-dependent physical response of
this system with that of the original 3D TDSE.
A. Overview of 1D density-based atomic model
potentials
The main question in (7) is the form of V0(z) [30–
37, 39, 40, 42, 43]. One of the possibilities proposed in
our previous work [47] for one electron atomic systems
was that we have introduced the reduced one dimensional
ground state density depending only on the z coordinate
as
%z(z) = 2pi
ˆ
%3D(z, ρ) ρdρ, (9)
where %3D(z, ρ) is the 3D ground state density. This
made it possible to calculate the density based model
potential
V0(z) = E0 +
1√
%z(z)
Tz
√
%z(z), (10)
where
√
%z(z) stands as the reduced ground state wave-
function, while E0 is the corresponding exact 3D ground
state energy. This construction ensures that the reduced
problem yields exactly the same properties for the ground
state as does the original 3D atomic calculation. It is also
an important feature that this form preserves the ground
state energy in our case, since the original 3D problem
has a long-range Coulomb asymptotics.
3In addition to these important physical properties, in
the cases of single-electron atoms an analytic expression
could be calculated for V0(z) [47], which is of the form of
a short-range correction plus a 1D regularized Coulomb
potential. This long range Coulomb-part had an asymp-
totic form of − 12Z/z, where Z is the nuclear charge in 3D.
This inspired us to develop [47] an alternative, improved
soft-core Coulomb potential form, which is smooth and
easy-to use:
V0,Sc(z) = − Z
∗√
z2 + α (Z∗)2
(11)
Here the parameter Z∗ in the numerator has been de-
termined by requiring to obtain the same asymptotic be-
havior as that of (10), while α2 is a fitting parameter
depending on Z∗, set by demanding the 1D atomic sys-
tem to have the same ground state energy as the cor-
responding 3D system. In case of single-electron atoms,
the parameters turned out to be [47]
Z∗ = Z2 , α
2 = 116(Z∗)2 =
1
4Z2 with E0 = −
Z2
2 .
(12)
By using these potentials in the solutions of the corre-
sponding one dimensional time-dependent Schrödinger
equation (8) the results reproduced the 3D system’s
strong-field response quantitatively correctly for several
physical quantities. A detailed comparison can be also
found in [47]. In those tests the soft-core Coulomb form
of the atomic model potential gave the best physical re-
sponse, despite yielding a slightly less accurate ground
state density.
It has been also found that even the power spectrum
p3D(f) of coherent high-order-harmonic generation ob-
tained from 3D simulations could be recovered from the
corresponding 1D spectrum p(f) by scaling the latter as
p(f)/s(f), where s(f) is the simple scaling function
s(f) = min
(
1 + 0.03 (100f − 1)2 , 1 + |100f − 1|
)
,
(13)
which turned out to be essentially independent from the
strength and the form of the exciting pulse Ez(t).
The one-dimensional models we introduced in [47]
proved to be more than simple toy models, by their ca-
pability of providing quantitatively comparable results
to the 3D ones. In this article we test the physical rele-
vance of these one-dimensional models by extending them
to simple composite atomic and molecular systems like
the one-electron diatomic molecule H+2 , as well as to two
two-electron systems namely the He atom and the H2
molecule.
B. 1D hydrogen molecular ion model
In our 1D model of the H+2 we assume that the molec-
ular axis is set along the z-direction and the internuclear
distance d is fixed (i.e. we do not consider nuclear mo-
tion). We are interested in the strong-field dynamics of
the electron according to the 1D Schrödinger equation
with the Hamiltonian (7). For the 1D model potential
V0(z) in (7), we suggest and test two candidates, V (M)0
and V (M)0,Sc as follows.
Based on our earlier results, summarized in the previ-
ous section, we define the density-based hydrogen molec-
ular ion potential on an equidistant grid zi as
V
(M)
0 (zi; d) = E0 +
1√
%z(zi; d)
T˜z
√
%z(zi; d), (14)
where %z(zi; d) is the reduced density of the 1σg ground
state of a 3D hydrogen molecular ion (with a fixed in-
ternuclear distance d). This potential is calculated nu-
merically with the finite-difference version of the kinetic
energy operator, denoted by T˜z in (14), and using the
numerically exact ground state energy which equals that
of the 3D reference system [47].
The other 1D model potential we propose to use for
the H+2 is the soft-core molecular model potential
V
(M)
0,Sc (z; d) = V0,Sc
(
z − d2
)
+ V0,Sc
(
z + d2
)
(15)
where we assume an implicit dependence of the parame-
ters Z∗ and α2 in V0,Sc on the parameter d. The value of
Z∗ determining the Coulomb asymptotics of (15) is cal-
culated from the potential given by (14). Then, α2 can be
determined by setting the correct single-electron energy
from the reference 3D hydrogen molecular ion calcula-
tion. We plot the shape of the corresponding 1D poten-
tials with d = 2, along with
√
%z(zi; d = 2.0) in Fig. 1 as
well as the values of the parameters Z∗ and α2 obtained
in this way.
In these computations, we have typically employed a
grid spacing of ∆z = 0.2, which yields about 3-4 digit
accuracy in the ground state density of the reference 3D
method. For an intermolecular distance d = 2.0 – that is
near the equilibrium distance of the hydrogen molecular
ion – the ground state energy is E0 = −1.1026 based
on both our 3D reference calculation and the 1D model
using (14). Schaad and Hicks [53] give a very accurate
result for the equilibrium distance as d = 1.9972, and an
electron energy of E0 = −1.10334. (The binding energy
they gave was−0.602634619 a.u. which also incorporated
the 1/d Coulomb repulsion energy of the protons.)
C. 1D helium atom model
We turn now to model a two-electron system, the he-
lium atom in one spatial dimension denoting the electron
coordinates by z1 and z2. The key element of our model is
that we replace the true Coulomb potentials with 1D im-
proved soft-core potentials V0,Sc of the form (11), both for
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Figure 1. Upper panel: the plot of the square root of re-
duced density of the hydrogen molecular ion with d = 2.0 (in
blue). Lower panel: the plot of the density-based model po-
tential (14) (in purple) and the improved soft-core Coulomb
model (15) with the indicated parameter values (in gold). The
ground state energy is E0 = −1.1026 for both of the poten-
tials, using ∆z = 0.2 in (14).
the electron-nucleus and for the electron-electron inter-
action. By setting Z∗ = 1 in V0,Sc, we have the following
Hamiltonian:
H1DHe =
2∑
k=1
[Tzk + V0,Sc(zk) + zkEz(t)]−
1
2V0,Sc(z1 − z2).
(16)
We solve the corresponding Schrödinger equation using
this Hamiltonian to get the wave function Ψ(z1, z2, t).
Let us remind that the latter is a symmetric function in
the two spatial variables. For the time-evolution, we set
the initial state as the field-free ground state at t = 0
(using Ez(t ≤ 0) = 0). We handle the numerical time
evolution and the imaginary time-propagation (for ob-
taining the ground state energy) with a split-step finite
difference method [47, 51, 54].
In this two dimensional formalism we calculate the
physical quantities that can be derived from the following
form of the reduced density
%z(z, t) = 2
ˆ
|Ψ(z, z2, t)|2 dz2 (17)
from which the mean values and the root-mean-square
deviations of the spatial coordinate follow straightfor-
wardly. We also make an approximate formula of
g(t) = 1− 12
∣∣∣∣ˆ √%z(z, 0)√%z(z, t)dz∣∣∣∣2 (18)
that we call ground state population loss per electron
orbital. This is directly comparable to the ground state
population loss of the 3D Hartree-Fock formalism.
The model potential V0,Sc(z) implicitly depends on
the fitting parameter α2, which is determined by set-
ting the initial two-electron energy. We use two
types of parametrization. We call the first “ab ini-
tio” parametrization, in which we use the single-electron
model parameters of (12) with Z = 2, corresponding to
Z∗ = 1, and α2 = 0.0625. For the ground state energy of
this 1D model system we have obtained E0 = −3.02 with-
out additional parameter fitting. This is to be compared
with the ground state energy of the real helium: −2.903
[55], indicating an error of about 3.4% in the ground state
energy of this “ab initio” 1D model.
In the second parametrization of V0,Sc(z), the α2 was
modified to reproduce the 1D ground state energy E0 =
−2.903 (i.e. it matches that of the real helium), with
Z∗ = 1, and α2 = 0.0694. Since the 3D Hartree-Fock
method yields a ground state energy E0 = −2.860, the
corresponding 3D reference simulations have also been
modified to match the accurate ground state energy of
−2.903. (To this end, the Hartree-potential was multi-
plied by a factor that is slightly different from 1.)
D. 1D hydrogen molecule model
Finally, we create the 1D model of the hydrogen
molecule in a similar way to the case of the He atom. We
use again a wave function of two variables Ψ(z1, z2, t) and
we replace the true Coulomb potentials by our improved
1D soft-core potentials (11) and (15), which gives the fol-
lowing Hamiltonian for the 1D model hydrogen molecule:
H1DH2 =
2∑
k=1
[
Tzk + V
(M)
0,Sc (zk; d) + zkEz(t)
]
−12V0,Sc(z1−z2).
(19)
Note that this Hamiltonian reduces to the one used for
the helium atom in Eq. (16) for the limiting value of the
internuclear distance d = 0. The 1D potentials V (M)0,Sc and
V0,Sc depend implicitly on the parameters Z∗ and α2 but
we use identical parametrization for these potentials. We
are going to test the case when Z∗ = 0.5 which equals
to that of the hydrogen atom, and alternatively the case
when the asymptotics determined by Z∗ agree with the
one derived from the 1D hydrogen molecular ion model.
Regarding the energy values, Doma [56] gave
−1.173427 a.u. for the dissociation energy of the real
3D hydrogen molecule with d = 1.4, which means
−1.88729 a.u. electronic ground state energy. Our refer-
ence Hartree-Fock computation gives E0 = −1.848 a.u.
ground state energy which means a relative error of about
2.1% in our 3D reference scheme. For consistency, the
ground state energy of the 1D model system is adjusted
to this Hartree-Fock energy, by setting α2 to the proper
value, as to be explained in section IVC.
IV. RESULTS AND COMPARISON OF THE 1D
AND 3D SIMULATIONS
In this section, we present and compare the results of
strong-field simulations of the 1D models of the previous
5sections to the results acquired from the 3D reference
models.
In these simulations, we model the linearly polarized
few-cycle laser pulse with a sine-squared envelope func-
tion. The corresponding time-dependent electric field has
non-zero values only in the interval 0 ≤ t ≤ NCycleT ac-
cording to the formula:
Ez(t) = F · sin2
(
pit
NCycleT
)
cos
(
2pit
T
)
, (20)
where T is the period of the carrier wave, F is the peak
electric field strength and NCycle is the number of cycles
under the envelope function. Unless otherwise stated, we
set NCycle = 3 and T = 100, the latter corresponds to a
ca. 725 nm near-infrared carrier wavelength. From Fig.
2 on, the vertical dashed lines denote the zero crossings
of the respective Ez(t) electric field.
In our calculations, we set the typical step sizes as
∆z = 0.2 and ∆t = 0.01 since these are sufficient for the
numerical errors to be within line thickness. We use box
boundary conditions and we set the size of the box to
be sufficiently large so that the reflections are kept below
10−8 atomic units in the wave function.
The results belonging to the correct reference 3D sim-
ulation of a given system are plotted in blue and labeled
as “3D-reference”. We also plot dashed blue overlays for
these reference curves for clarity.
A. 1D hydrogen molecular ion model
In this section we present our results for the hydrogen
molecular ion with two selected external field amplitudes
F and three selected molecular distance parameters d.
We have investigated the following model potentials, the
results of which are plotted on each of the figures belong-
ing to this section (from Fig. 2 to Fig. 3): the density-
based molecular 1D model potential (14) (in purple), and
the 1D soft-core model (15) using the correct asymptotes
(in gold). In these figures we plot the time-dependence of
the following physical quantities: the mean value 〈z〉 (t),
the standard root-mean-square deviation σz(t), and the
ground state population loss g(t), as determined by the
time-dependent wave function.
Let us begin the discussion with a hydrogen molecular
ion frozen in its equilibrium distance (d = 2.0). From
time-independent calculations of the reduced ground-
state density, we inferred that the correct 1D density-
based model does not behave like the composition of
two 1D density-based atomic binding potentials having
Coulomb asymptotes with Z∗ = 0.5. Instead, in this
case, these long range 1D Coulomb asymptotes have the
value of around Z∗ = 0.625, that we obtained by nu-
merical calculations based on (14). This means that
for this separation distance, the Coulomb cores exhibit
a screening-like effect in the 1D model. Accordingly,
we parametrized the 1D improved soft-core model using
d = 2.0 with Z∗ = 0.625 and α2 = 0.277.
In Fig. 2 we can see the time-evolution results for this
model system under the influence of the external fields
with F = 0.1 (left panels) and F = 0.15 (right panels).
These results have comparable accuracy to that of our
previous calculations in Ref. [47] using single-electron
atom models (although we use larger F values here). In
the case of F = 0.1, hardly any ground state population
loss occurs after the laser pulse, even though temporarily
it raises to relatively larger values, in sync with the laser
field. This behavior is quantitatively correctly predicted
by our 1D models. The curves of σz(t) show that the 1D
improved soft-core model has somewhat lower accuracy
for the 1D ground state (σz(t) has a somewhat larger
initial value in the soft-core case compared to 3D case),
but its laser-field induced dynamics follows better the 3D
results in overall. This latter is even more pronounced for
the stronger field value F = 0.15. The curves of the mean
value 〈z〉 (t) also show good quantitative agreement.
Although these 1D models qualitatively reproduce
even the finer details of the 3D ionization dynamics of
H+2 , we should note that the 1D models yield high-order
harmonics with larger amplitudes than the 3D results.
This is mainly caused by the fact that the interference
effects in the 1D density are stronger than in the reduced
3D density (since these latter are suppressed by the spa-
tial integration along the ρ coordinate). This feature of
the HHG spectra was successfully accounted for by the
scaling function (13) for a hydrogen atom [47], which
turned out to be suitable also for the present case of H+2 .
Next, let us discuss hydrogen molecular ion configu-
rations where the parameter d is different from its equi-
librium value d = 2.0. We chose for the case of closer
nuclei d = 1.4, which may be regarded as an instanta-
neously ionized static hydrogen molecule. Based on the
calculation of the 1D density-based potential (14), we
computed the parameter of the effective Coulomb asymp-
totes as Z∗ = 0.597, having a ground state energy of
E0 = −1.284. Accordingly, the fitting parameter has to
be α2 = 0.2023. For the case of nuclei with a larger
distance, we chose the value d = 2.6, which is closer to
limit of the molecular dissociation. From the calculation
of the 1D density based potential (14) we get its ground
state energy as E0 = −0.975, and the parameters of the
Coulomb asymptotes as Z∗ = 0.647 and α2 = 0.351.
Note that the dependence of these parameters on d is
not negligible, and the parameter Z∗ appears to be in-
creasing as d is increasing. However, for nuclei very far
apart, the asymptotic value of Z∗ = 0.5 should hold to
describe a 1D H-atom and a proton. For the other lim-
iting case, d = 0, we get the 1D He+ with the value of
Z∗ = 0.5 again.
In Fig. 3 we plot the results for d = 1.4 (left panels)
and d = 2.6 (right panels) using the external electric field
with F = 0.15. We can see that the induced dynamics
with d = 1.4 is similar in behavior to the case of d = 2.0
using F = 0.1 (see Fig. 2). In the case of d = 2.6, the
ground state population loss is much larger than in the
previous cases with the same F value. Most importantly,
6both of these 1D models reproduce even the finer details
of the curves of g(t), σz(t), 〈z〉 (t) of the true 3D dynam-
ics.
We can also observe that the accuracy of the results
improves as the value of d increases, especially for the
1D improved soft-core potential, which is mainly due to
the fact that the probability concentrated between the
nuclei decreases with increasing d. This increasing accu-
racy suggests that these 1D potentials are suitable also
to model strong field processes leading to molecular dis-
sociation.
B. 1D helium atom model with
high-order-harmonic spectra
In the following, we present our results regarding the
1D model helium atom based on Sec. III C under the
influence of an external laser pulse, for selected values
of F . In Figs. 4-6, we plot results of the following
1D model soft-core potentials: (i) the 1D improved soft-
core potentials with “ab initio” parametrization (Z∗ = 1,
α2 = 0.0625) from (12) in red, (ii) the 1D improved soft-
core potentials with energy fitting (Z∗ = 1, α2 = 0.0694)
in gold, and (iii) the 1D usual soft-core potentials [32]
using the normal Coulomb asymptotes and with the same
form of energy fitting as the previous case (Z∗ = 2,
α2 = 0.5474) in green. Except for (i), the time evolu-
tion of the 1D two-electron model systems starts from a
ground state that has the same energy as the reference
time-dependent Hartree-Fock simulation.
We show in Fig. 4 the time-dependence of the mean
values 〈z〉 (t), the standard root-mean-square deviations
σz(t) and the ground state population losses per electron
orbital g(t), with F = 0.15 (left panels) and F = 0.2
(right panels). For F = 0.15, we can see that the dy-
namics induced by the laser field are weak, which is true
both for the 3D reference and the 1D improved soft-core
models, while the results of the usual 1D model are signif-
icantly off. Our “ab initio” parametrization (i) of the 1D
improved soft-core Coulomb forms is still quantitatively
acceptable, and corresponds to a stronger bound than
the real helium atom. This latter seems to be in agree-
ment with the fact that it has a lower bound state energy
by 0.1 a.u. If we now look at the results corresponding
to F = 0.2, we can see that the results of our improved
models are similar, albeit slightly off with stronger ion-
ization. Based on the similarity to the results of 〈z〉 (t)
and σz(t), we also note that the quantity g(t) defined in
(18) indeed bears the same meaning as in (5) calculated
from the Hartree-Fock orbital.
We also plot in Fig. 5 the 〈z〉 (t) and g(t) results for
F = 0.25. We can see now that the 1D results are rela-
tively up shifted compared to the previous figures in such
a way that now the curves of 1D “ab initio” parametriza-
tion much better match the 3D reference. Since such
an effect does not occur in the 1D models for the hy-
drogen molecular ions (or hydrogen atoms) under similar
conditions, this may indicate the inaccuracy of our ap-
proximations at such high intensities, which presumably
affects also the Hartree-Fock calculations.
Let us next investigate the high-order harmonic re-
sponse of the particular 1D model helium. The accurate
computation of the high-order harmonic spectrum is es-
pecially important in strong-field physics: its well-known
characteristic features [20, 57–60] represents the highly
nonlinear atomic response to the strong-field excitation,
and its suitable phase relations enable the generation of
attosecond pulses of XUV radiation [1–3, 61–64]. In ac-
cordance with Ref. [47] we expect that the structure
of this response is similar, and its magnitude is larger,
which can be handled again by introducing a frequency
dependent scaling function. In Fig. 6 we can see the
scaled p(f)/s(f) power spectrum of the second derivative
of 〈z〉 (t), where we applied the following scaling function:
s(f) = min
(
1 + 0.01 (100f − 1)3 , 1 + 2.7 |100f − 1|
)
,
(21)
which we obtained by fitting its parameters to reproduce
spectrum for the case F = 0.15. In Fig. 6 (a) we can see
that the structure of the scaled spectra is indeed a good
match compared to the reference Hartree-Fock results.
The spectrum for the “ab initio” case has a similar struc-
ture, and it is shown with the same scaling function. If
we compare (21) to (13) used for a single electron atom,
we see that the 1D helium atom needs a stronger scaling
(by about 2.7 times) especially for the higher harmon-
ics. What makes this scaled spectrum interesting, that
it works for different configuration of electric fields: in
Fig. 6 (b) and 6 (c) we applied the same scaling. For
the larger field value of F = 0.2 the improved soft-core
results still replicate the 3D spectra really well. (How-
ever, there seems to be some deviation near the 20th
harmonic.) For F = 0.25, we can see that the spectrum
is scaled properly, but the positions of the harmonics are
slightly shifted from the 3D reference. Here, the “ab ini-
tio” model better describes the structure of the spectra,
which is connected to the closer matching to the 3D ref-
erence of the other quantities of Fig. 5.
Finally we note that the match of the spectral phase is
also very good, especially in the higher frequency range,
which is of fundamental importance for the generation of
isolated attosecond pulses.
In overall we can say that, the 1D improved soft-core
models replicate the strong-field response of a real helium
atom comparing to the time-dependent Hartree-Fock ap-
proximation up to around F = 0.2. This includes the low
frequency response of the mean motion on the level of the
reduced density. The low dimensionality however, gives
a much larger high-order-harmonic amplitude, which can
be converted to the corresponding 3D spectra using one
scaling function. The improved models discussed here
appear to be quantitatively correct 1D models of the he-
lium atom.
The merits of these 1D model potentials may also pave
the way to simulate properties of a dilute medium, like an
7atomic gas-jet, used in actual strong field or attosecond
physics experiments with He [10, 65, 66]. Previously,
this was done [67, 68] by calculating Lewenstein’s integral
[16], but using the density-based model potentials and
integrating the low dimensional TDSE has now become
also an option [69].
C. 1D hydrogen molecule model
We present now the results for the 1D model hydro-
gen molecule as introduced in Sec. IIID. We apply the
same two-electron formalism as for the helium atom, and
we compare again the results with the corresponding
3D Hartree-Fock simulation as the reference. We also
make use of our results given in Sec. IVA regarding
the dependence of the Coulomb asymptotes on the inter-
molecular distance d in the case of the hydrogen molec-
ular ion model. Now the presence of the extra electron
poses the question, whether it affects the values of the
Coulomb asymptotes. To get the answer, we have con-
sidered two different parametrizations of the improved
soft-core model V (M)0,Sc in Eq. (19): (i) the model us-
ing the corresponding hydrogen molecular ion asymptotes
(d = 1.4, Z∗ = 0.597, α2 = 0.235) and (ii) soft-core
models using atomic asymptotes (d = 1.4, Z∗ = 0.5,
α2 = 0.112). The α2 parameters were determined by
fitting the ground state energies, so that the time evolu-
tion of the 1D two-electron model systems started from
a ground state that had the same energy value as the
reference (3D) time-dependent Hartree-Fock simulation.
It turned out that a rather good agreement could be ob-
tained with the asymptotes from the H+2 model, i.e. from
the choice (i), especially for lower excitation amplitudes.
This is demonstrated in Fig. 7 where the results are
shown for two specific values: F = 0.07 (left panels) and
F = 0.1 (right panels), in yellow for model (i). For com-
parison the functions obtained with model (ii) are also
shown in orange.
The two particular F values for which we show the re-
sults for H2 were chosen because the induced ionization
response is similar in magnitude to that of the He atom
with the amplitudes F = 0.15 and F = 0.2 shown in Fig.
4. If we compare the left panels of of Fig. 7 and Fig. 4,
we can see that the yellow curves of the physical quan-
tities 〈z〉 (t) and σz(t), behave similarly and they show a
good match with the 3D reference results if the ioniza-
tion is low. We also note that the quantity g(t) behaves
in the same way, compared to the reference. This agree-
ment is a consequence of the picture that considers the
He atom as the d = 0 limit of H2, but in the case of He,
which has more strongly bound electrons, larger electric
field amplitudes are required to achieve a similar effect.
In the right panels of the respective figures, which show
simulation results with higher intensities we can see that
for model (i) an up-shift occurs, the size of which in Fig.
7 is again consistent with the results of Fig. 4. This
value of up-shift may still be quantitatively acceptable
for a one dimensional molecular model, especially be-
cause the reference Hartree-Fock method may certainly
become inaccurate at these larger field strengths. We
also note, that for higher intensities this up-shift becomes
larger, causing that already for F = 0.15 the model (ii)
matches the 3D reference better (similar to Fig. 5, but
not shown). From this we can conclude that using the
asymptote value Z∗ = 0.597 from the respective static
hydrogen molecular ion configuration behaves like the
1D improved soft-core model of the helium calculations,
i.e. it gives quantitatively correct results for the physical
quantities in a similar manner shown here.
Overall it is impressive that using improved asymp-
totes with one dimensional soft-core Coulomb potentials
the physics of a 3D hydrogen molecule becomes quantita-
tively reproducible by the corresponding 1D model sys-
tem. From the results we can say that indeed the correct
model is based on the density based potential, and its
asymptotes are surely between the respective hydrogen
molecular ion asymptote with Z∗ = 0.597 and the hy-
drogen atom asymptote with Z∗ = 0.5 in the tested peak
electric field strength range. For more accurate tests,
more accurate 3D reference simulation methods are nec-
essary.
V. DISCUSSION AND CONCLUSIONS
In this paper we have shown that the density-based
model potentials, developed in [47] for strong field sim-
ulations in single-active-electron atoms can be extended
to two-electron systems and simple molecules. Our re-
sults show that the modeling based on low dimensional
Coulomb asymptotes selected by the reduced density
works also for two-electron problems, not just for single-
active electron systems. The molecular potentials we
built in this way fulfilled the requirement that the 1D
model should recover a quantitatively correct ionization
response compared to the respective 3D molecular sys-
tem under the influence of a linearly polarized external
laser field.
For H+2 one of the molecular potentials has been ob-
tained by using the reduced density according to Eq.
(14). The other choice for this system was a sum of
two soft-core Coulomb potentials as given by Eq. (11)
with appropriate values of the fitting parameters Z∗
and α2. For the two-electron systems He and H2 the
potentials were built by combining 1D improved soft-
core Coulomb potentials from the corresponding single-
electron density-based models. Here we have used two
different sets of parameters to simultaneously repro-
duce the correct density based Coulomb asymptotics and
ground state energies. We compared the results of nu-
merical strong-field simulations for the complete 3D sys-
tems with our 1D molecular models excited with the
same linearly polarized laser field. We have shown that
our simpler 1D constructions provide impressive accu-
racy for being 1D models for the two-electron helium
8atom and the hydrogen molecule. These two models per-
formed exceptionally well, especially if the strong-field
ionization response was relatively weak. For the case of
the hydrogen molecule the correct asymptotic values of
the potential turned out to be near to that of the hy-
drogen molecular ion with the same intermolecular dis-
tance. Experimental interest in strong field and attosec-
ond processes of He [10, 65, 66] inspired us to calculate
high-order-harmonic generation spectra by using our 1D
model for He. It turned out that quantitatively correct
spectra could be recovered with a simple scaling for dif-
ferent external electric fields.
These results overall provide more possibilities to ex-
plore. One can extend the description of the molecu-
lar systems and model them under strong-field circum-
stances with moving nuclei. In order to include the mo-
tion of the nuclei into the simulation using e.g. the Born-
Oppenheimer or the Ehrenfest approximations [49, 70],
the determination of Z∗(d) and α2(d) is required before-
hand numerically. Such a d dependent molecular model
potential seems to be a promising way of modeling the
true molecular dynamics in strong-field scenarios with
electron wave functions in one spatial variable, which
would make it especially effective. It is also a possibility
to model a linear chain of atomic cores in 1D by reducing
the proper 3D density in advance. Regarding the multi-
ple electron systems, one can apply the time-dependent
Hartree-Fock, or multiconfigurational Hartree-Fock ap-
proach [71] to the 1D helium and hydrogen systems di-
rectly, which may enable massive performance gain, while
providing quantitatively correct reduced dynamics and
high-order-harmonic spectra. This would also enable to
efficiently perform low dimensional strong-field calcula-
tions in gas-jets, or statistical mixtures.
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Figure 5. The time-dependence of the mean values 〈z〉 (t) in (a) and the ground state population losses g(t) in (b) for a helium
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Figure 6. The scaled power spectra versus the harmonic order of the emitted radiation for a helium atom driven by the laser
pulse with F = 0.15 in (a), F = 0.20 in (b), and F = 0.25 in (c). Results of the corresponding 3D simulations are plotted in
blue. The scaling function was the same in all of the figures.
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Figure 7. Results for a static hydrogen molecule with d = 1.4, driven by the laser pulse with F = 0.07 (left panels) and F = 0.1
(right panels). We plot the time-dependence of the mean values 〈z〉 (t) in (a)-(b) and the standard deviations σz(t) in (c)-(d)
and the ground state population losses g(t) in (e)-(f). Results of the corresponding 3D simulations are plotted in blue.
[27] Fabian Lackner, Iva Brezinova, Takeshi Sato, Kenichi L.
Ishikawa, and Joachim Burgdoefer. High-harmonic spec-
tra from time-dependent two-particle reduced-density-
matrix theory. Physical Review A, 95(3), 2017. doi:
10.1103/PhysRevA.95.033414.
[28] Jozsef Kasza, Peter Dombi, and Peter Foldi. Sturmian-
Floquet approach to high-order harmonic genera-
tion. Journal of the Optical Society of America
B - Optical Physics, 35(5):A126–A130, 2018. doi:
10.1364/JOSAB.35.00A126.
[29] Dmitry K. Efimov, Artur Maksymov, Jakub S. Prauzner-
Bechcicki, Jan H. Thiede, Bruno Eckhardt, Alexis
Chacon, Maciej Lewenstein, and Jakub Zakrzewski.
Restricted-space ab initio models for double ionization
14
by strong laser pulses. Physical Review A, 98(1), 2018.
doi:10.1103/PhysRevA.98.013405.
[30] Juha Javanainen, Joseph H Eberly, and Qichang Su. Nu-
merical simulations of multiphoton ionization and above-
threshold electron spectra. Physical Review A, 38(7):
3430, 1988.
[31] Q Su and JH Eberly. Model atom for multiphoton
physics. Physical Review A, 44(9):5997, 1991.
[32] D Bauer. Two-dimensional, two-electron model atom in a
laser pulse: Exact treatment, single-active-electron anal-
ysis, time-dependent density-functional theory, classical
calculations, and nonsequential ionization. Physical Re-
view A, 56(4):3028, 1997.
[33] CC Chirilă, Ingo Dreissigacker, Elmar V van der Zwan,
and Manfred Lein. Emission times in high-order har-
monic generation. Physical Review A, 81(3):033412,
2010.
[34] AA Silaev, M Yu Ryabikin, and NV Vvedenskii. Strong-
field phenomena caused by ultrashort laser pulses: Ef-
fective one-and two-dimensional quantum-mechanical de-
scriptions. Physical Review A, 82(3):033416, 2010.
[35] Konstantin Alekseevich Sveshnikov and Dmitrii Igore-
vich Khomovskii. Schrödinger and Dirac particles in
quasi-one-dimensional systems with a Coulomb interac-
tion. Theoretical and Mathematical Physics, 173(2):1587–
1603, 2012.
[36] Stefanie Gräfe, Jens Doose, and Joachim Burgdörfer.
Quantum phase-space analysis of electronic rescattering
dynamics in intense few-cycle laser fields. Journal of
Physics B: Atomic, Molecular and Optical Physics, 45
(5):055002, 2012.
[37] A Czirják, R Kopold, W Becker, M Kleber, and
WP Schleich. The Wigner function for tunneling in a
uniform static electric field. Optics communications, 179
(1):29–38, 2000.
[38] Mihály G Benedict, Judit Kovács, and Attila Czirják.
Time dependence of quantum entanglement in the colli-
sion of two particles. Journal of Physics A: Mathematical
and Theoretical, 45(8):085304, 2012.
[39] Attila Czirják, Szilárd Majorosi, Judit Kovács, and Mi-
hály G Benedict. Emergence of oscillations in quantum
entanglement during rescattering. Physica Scripta, 2013
(T153):014013, 2013.
[40] Sydney Geltman. Bound states in delta function poten-
tials. Journal of Atomic, Molecular, and Optical Physics,
2011, 2011.
[41] Lóránt Zs. Szabó, Mihály G. Benedict, Attila Czirják,
and Péter Földi. Relativistic electron transport through
an oscillating barrier: Wave-packet generation and fano-
type resonances. Physical Review B, 88:075438, 2013.
doi:10.1103/PhysRevB.88.075438.
[42] C Baumann, H-J Kull, and GM Fraiman. Wigner rep-
resentation of ionization and scattering in strong laser
fields. Physical Review A, 92(6):063420, 2015.
[43] Nicolas Teeny, Enderalp Yakaboylu, Heiko Bauke, and
Christoph H Keitel. Ionization time and exit momentum
in strong-field tunnel ionization. Physical Review Letters,
116(6):063003, 2016.
[44] AD Bandrauk, S Chelkowski, Dennis J Diestler, J Manz,
and K-J Yuan. Quantum simulation of high-order har-
monic spectra of the hydrogen atom. Physical Review A,
79(2):023403, 2009.
[45] Szilárd Majorosi, Mihály G Benedict, and Attila Czirják.
Quantum entanglement in strong-field ionization. Phys-
ical Review A, 96(4):043412, 2017.
[46] I. A. Ivanov, Chang Hee Nam, and Kyung Taec Kim.
Entropy-based view of the strong field ionization pro-
cess. Journal of Physics B-Atomic Molecular and Op-
tical Physics, 52(8), APR 28 2019. doi:10.1088/1361-
6455/aaf9e1.
[47] Szilárd Majorosi, Mihály G Benedict, and Attila Czirják.
Improved one dimensional model potentials for strong-
field simulations. Physical Review A, 98(2):023401, 2018.
[48] David Jeffery Griffiths. Introduction to Quantum Me-
chanics. Pearson Education India, 2005.
[49] Brian Harold Bransden and Charles Jean Joachain.
Physics of Atoms and Molecules. Pearson Education In-
dia, 2003.
[50] Péter Földi. Gauge invariance and interpretation of in-
terband and intraband processes in high-order harmonic
generation from bulk solids. Physical Review B, 96:
035112, Jul 2017. doi:10.1103/PhysRevB.96.035112.
[51] Szilárd Majorosi and Attila Czirják. Fourth order real
space solver for the time-dependent Schrödinger equa-
tion with singular Coulomb potential. Computer Physics
Communications, 208:9–28, 2016.
[52] Siu A Chin, S Janecek, and E Krotscheck. Any or-
der imaginary time propagation method for solving the
Schrödinger equation. Chemical Physics Letters, 470(4):
342–346, 2009.
[53] Lawrence J Schaad and WV Hicks. Equilibrium bond
length in H2+. The Journal of Chemical Physics, 53(2):
851–852, 1970.
[54] Hanquan Wang. Numerical studies on the split-step fi-
nite difference method for nonlinear Schrödinger equa-
tions. Applied Mathematics and Computation, 170(1):
17–35, 2005.
[55] Gordon WF Drake. High precision theory of atomic he-
lium. Physica Scripta, 1999(T83):83, 1999.
[56] SB Doma, M Abu-Shady, FN El-Gammal, and AA Amer.
Ground states of the hydrogen molecule and its molecular
ion in the presence of a magnetic field using the varia-
tional Monte Carlo method. Molecular Physics, 114(11):
1787–1793, 2016.
[57] A McPherson, G Gibson, H Jara, U Johann, Ting S Luk,
IA McIntyre, Keith Boyer, and Charles K Rhodes. Stud-
ies of multiphoton production of vacuum-ultraviolet ra-
diation in the rare gases. Journal of the Optical Society
of America B, 4(4):595–601, 1987.
[58] M Ferray, A L’Huillier, XF Li, LA Lompre, G Mainfray,
and C Manus. Multiple-harmonic conversion of 1064 nm
radiation in rare gases. Journal of Physics B: Atomic,
Molecular and Optical Physics, 21(3):L31, 1988.
[59] SE Harris, JJ Macklin, and TW Hänsch. Atomic scale
temporal structure inherent to high-order harmonic gen-
eration. Optics communications, 100(5-6):487–490, 1993.
[60] Ákos Gombkötő, Attila Czirják, Sándor Varró, and Péter
Földi. Quantum-optical model for the dynamics of high-
order-harmonic generation. Physical Review A, 94(1):
013853, 2016.
[61] Gy Farkas and Cs Tóth. Proposal for attosecond light
pulse generation using laser induced multiple-harmonic
conversion processes in rare gases. Physics Letters A,
168(5):447–450, 1992.
[62] PM Paul, ES Toma, P Breger, Genevive Mullot, F Augé,
Ph Balcou, HG Muller, and P Agostini. Observation of a
train of attosecond pulses from high harmonic generation.
15
Science, 292(5522):1689–1692, 2001.
[63] Juan J Carrera, Xiao-Min Tong, and Shih-I Chu. Cre-
ation and control of a single coherent attosecond XUV
pulse by few-cycle intense laser pulses. Physical review
A, 74(2):023404, 2006.
[64] Giuseppe Sansone, E Benedetti, Francesca Calegari,
Caterina Vozzi, Lorenzo Avaldi, Roberto Flammini, Luca
Poletto, P Villoresi, C Altucci, R Velotta, et al. Isolated
single-cycle attosecond pulses. Science, 314(5798):443–
446, 2006.
[65] Shaohao Chen, M. Justine Bell, Annelise R. Beck, Hi-
roki Mashiko, Mengxi Wu, Adrian N. Pfeiffer, Mette B.
Gaarde, Daniel M. Neumark, Stephen R. Leone, and
Kenneth J. Schafer. Light-induced states in attosec-
ond transient absorption spectra of laser-dressed he-
lium. Physical Review A, 86:063408, 2012. doi:
10.1103/PhysRevA.86.063408.
[66] V. Stooß, S. M. Cavaletto, S. Donsa, A. Blättermann,
P. Birk, C. H. Keitel, I. Březinová, J. Burgdörfer, C. Ott,
and T. Pfeifer. Real-time reconstruction of the strong-
field-driven dipole response. Physical Review Letters,
121:173005, 2018. doi:10.1103/PhysRevLett.121.173005.
[67] Valer Tosa, Katalin Kovács, Balázs Major, Emeric
Balogh, and Katalin Varjú. Propagation effects in highly
ionised gas media. Quantum Electronics, 46(4):321, 2016.
[68] Christoph M Heyl, Helene Coudert-Alteirac, Miguel Mi-
randa, Maite Louisy, Katalin Kovács, Valer Tosa, Emeric
Balogh, Katalin Varjú, Anne L’Huillier, Arnaud Coua-
iron, et al. Scale-invariant nonlinear optics in gases. Op-
tica, 3(1):75–81, 2016.
[69] S. A. Berman, C. Chandre, J. Dubois, M. Perin, and
T. Uzer. Classical versus quantum views of intense
laser pulse propagation in gases. Journal of Physics B-
Atomic Molecular and Optical Physics, 52(12), 2019. doi:
10.1088/1361-6455/ab1c12.
[70] Carsten A Ullrich. Time-dependent density-functional
theory: concepts and applications. Oxford University
Press, 2011.
[71] Michael H Beck, Andreas Jäckle, GA Worth, and H-D
Meyer. The multiconfiguration time-dependent Hartree
(MCTDH) method: a highly efficient algorithm for prop-
agating wavepackets. Physics Reports, 324(1):1–105,
2000.
